A series solution of the general Heun equation in terms of incomplete
  Beta functions by Manukyan, A. M. et al.
ar
X
iv
:1
40
5.
59
59
v5
  [
ma
th.
CA
]  
17
 O
ct 
20
15
A series solution of the general Heun equation in terms of incomplete Beta functions
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We show that in the particular case when a characteristic exponent of the singularity at infinity
is zero the solution of the general Heun equation can be expanded in terms of the incomplete Beta
functions. By means of termination of the series, closed-form solutions are derived for two infinite
sets of the involved parameters. These finite-sum solutions are written in terms of elementary
functions that in general are quasi-polynomials. The coefficients of the expansion obey a three-term
recurrence relation which in some particular cases may become two-term. We discuss the case
when the recurrence relation involves two non-successive terms and show that the coefficients
of the expansion are then calculated explicitly and the general solution of the Heun equation is
constructed as a combination of several hypergeometric functions with quasi-polynomial pre-factors.
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The Heun differential equation [1] and its four con-
fluent forms [2]-[6] have been subject to intensive investi-
gations during the last two decades due to a large num-
ber of applications in mathematics and physics, particu-
larly, in quantum mechanics (see, e.g., [2] and references
therein). This is a second-order ordinary linear differen-
tial equation that has four regular singular points located
at z = 0, 1, a and∞. The equation presents direct gener-
alization of the Gauss hypergeometric equation and in-
cludes as particular cases many other known equations of
mathematical physics, e.g., the Lame´ and Mathieu equa-
tions.
The closed-form solutions of the Heun equations
in terms of simpler functions are rare. Many of such
solutions are derived via termination of infinite series so-
lutions in terms of known special functions, in particular,
hypergeometric ones (see, e.g., [7]-[15]). In the present
paper, we introduce a series solution of the general Heun
equation in terms of the incomplete Beta functions [16].
The expansion is applicable if one of the characteristic
exponents of the singularity at infinity is zero. We show
that the constructed expansion generates closed-form so-
lutions for two infinite sets of the involved parameters.
These solutions in general are quasi-polynomials. The
coefficients of the expansion in general obey a three-term
recurrence relation. We discuss the cases when the re-
currence relation becomes two-term. In a particular case
when the recurrence relation involves two non-successive
terms the coefficients of the expansion are calculated ex-
plicitly and the general solution of the Heun equation is
written in quadratures or in terms of several hypergeo-
metric functions.
The canonical form of the general Heun equation
is
u
′′
+
(
γ
z
+
δ
z − 1 +
ε
z − a
)
u
′
+
αβz − q
z(z − 1)(z − a)u = 0,
(1)
where the involved parameters satisfy the Fuchsian con-
dition 1 + α+ β = γ + δ + ε.
Consider an expansion of the solution of this equa-
tion in the following form:
u =
∞∑
n=0
anun =
∞∑
n=0
anBz(γn, δn), (2)
where Bz(γn, δn) is the incomplete Beta function satisfy-
ing the following equation [16]:
u
′′
n +
(
1− γn
z
+
1− δn
z − 1
)
u
′
n = 0. (3)
Using the known relations between the Beta functions
Bz(γ, δ) =
1
γ
[zγ(1− z)δ + (γ + δ)Bz(γ + 1, δ)], (4)
Bz(γ, δ) =
1
γ + δ − 1 [(γ − 1)Bz(γ − 1, δ)− z
γ−1(1− z)δ],
(5)
we have
(1 − z)u′n = (γn − 1)un−1 − (γn − 1 + δn)un, (6)
z(1− z)u′n = γnun − (γn + δn)un+1, (7)
where we assumed γn±1 ≡ γn ± 1.
Substitution of equations (2) and (3) into Eq. (1)
gives
∞∑
n=0
an[(Anz(1−z)+Dn(1−z)+(1−a)Cn)u
′
n+(αβz−q)un] = 0,
(8)
2where 

An = −(γ − 1 + γn)− ε− Cn
Dn = a(γ − 1 + γn) + (a− 1)Cn
Cn = (δ − 1 + δn)
(9)
A further observation now is that the term Cnu
′
n+αβzun
is not expressed as a linear combination of functions un
for any (nonzero) values of involved parameters so that
it must be cancelled. Thus, we can treat only the case
αβ = 0. Since α and β are the characteristic exponents
of the regular singularity at infinity, we thus see that the
expansion is possible only if an exponent of z = ∞ is
zero.
Putting now Cn = 0, we get that for all n should
hold
δn = 1− δ. (10)
Eq. (8) then reads
∞∑
n=0
an[(Anz(1− z) +Dn(1− z))u
′
n − qun] = 0, (11)
and the corresponding recurrence relation for the coeffi-
cients of the series (2) is
ana(γ − 1 + γn)(γn − 1)+
an−1[−a(γ−2+γn)(γn+δn−2)−((γ−2+γn)+ε(γn−1)−q]+
an−2[(γn + δn − 2)((γ − 3 + γn) + ε)] = 0. (12)
From the left-hand side termination conditions a−2 =
a−1 = 0 and a0−∀, we find that should be γn = 1+n or
1− γ + n. The case γn = 1+ n does not work since then
for n = 0 Eq. (6) involves u−1 = B(z, 0, δn). So, we get
γn = 1− γ + n, (13)
hence, finally,
u =
∞∑
n=0
anBz(1− γ + n, 1− δ). (14)
The coefficients of the three term recurrence rela-
tion given by equation ():
Rnan +Qn−1an−1 + Pn−2an−2 = 0, (15)
finally read:
Rn = an(n− γ), (16)
Qn = −an(n+ 1− γ − δ)− (n+ ε)(n+ 1− γ)− q, (17)
Pn = (n+ 2− γ − δ)(n+ ε). (18)
The series (2) is terminated if aN 6= 0 and aN+1 =
aN+2 = 0 for some N = 1, 2, 3, .... The second condi-
tion is fulfilled if
ε = −N, N = 1, 2, ... (19)
or if
γ + δ − 2 = +N, N = 1, 2, ... (20)
while the equation aN+1 = 0 imposes an additional re-
striction on the accessory parameter q.
The first choice complements the expansion of [12]
extending it to the case αβ = 0. Indeed, it is not difficult
to show that the equation for the accessory parameter q
is exactly the one which is derived from that of [12] by
putting in it αβ = 0. Note that this equation always
has a trivial root q = 0 so the number of nontrivial so-
lutions for ε = −N , in general, is N . The second case
of termination of the series, that is the case given by Eq.
(20), defines a different solution to the Heun equation. In
this case the number of nonzero values of the accessory
parameter q for which the termination occurs is N + 1.
Note that, according to the lemma of [15], the
finite-sum solutions are always written in terms of el-
ementary functions. However, generally these are not
polynomials but quasi-polynomials. Concerning the infi-
nite series, we note that the coefficients an are not cal-
culated explicitly unless the recurrence relation (15) is
reduced to a two-term one. The latter may involve suc-
cessive or non-successive terms. Eq. (15) is reduced to
a two-term one involving two successive terms in several
cases, which, however, are rather simple such as, e.g.,
the trivial case a = 0. Different is the case when the re-
currence relation involves two non-successive terms. For
this to occur for some set of the involved parameters, the
coefficient Qn should identically vanish for all n. This is
the case if
a = −1, δ = −ε, q = (γ − 1)ε. (21)
The expansion coefficients are then explicitly calculated
in terms of the Gamma functions. Using the Pochham-
mer symbol, the result reads
an =
1 + (−1)n
2
cn/2, ck =
(ε/2)k(1 + (ε− γ)/2)k
k!(1− γ/2)k . (22)
This leads to the following general solution of the Heun
equation for parameters (21) along with αβ = 0 involving
quadratures:
H(−1, (γ − 1)ε;αβ = 0, γ, δ = −ε; z) =
C1
∫ z
0
(1− z)εz−γ ·2F1
(
ε
2
, 1 +
ε− γ
2
; 1− γ
2
; z2
)
dz+
C2
(
−γ
q
+
∫ z
0
(1− z)ε·2F1
(
1 +
ε
2
,
ε+ γ
2
; 1 +
γ
2
; z2
)
dz
)
,
(23)
3where C1,2 are arbitrary constants. Note that here
u(0) = −C2γ/q. Notably, the value adopted by the solu-
tion at z = 1 is also explicitly calculated in terms of the
Gamma functions and a Clausen generalized hypergeo-
metric function:
u(1) = C1
Γ
(
1− γ
2
)
Γ
(
1
2
+ ε
2
)
√
pi(1− γ)Γ (1 + ε
2
− γ
2
)+
C2
(
−γ
q
+ 3F2
(
1
2
, 1,
ε+ γ
2
; 1 +
γ
2
,
3
2
+
ε
2
; 1
))
. (24)
The parametric excess for the involved Clausen’s hyper-
geometric function is 1. Then if additionally an upper
parameter is a negative integer the function becomes
Saalschutzian, and it is expressed in terms of the Gamma
functions [5]. Hence, if γ + ε = −2N, N = 1, 2, ..., the
value u(1) is eventually calculated in terms of the Gamma
functions. Note that this condition differs from the con-
ditions (19)-(20) for termination of the above series.
A further observation now is that the integrals in-
volved in Eq. () can be explicitly calculated applying
integration by parts. The final result is given by a rather
cumbersome expression involving several hypergeometric
functions of the argument z2. This can be straightfor-
wardly understood if the solution () is rewritten, using
Eq. (1), as
u = −z(z − 1)(z − a)
αβz − q
(
v′ +
(
γ
z
+
δ
z − 1 +
ε
z − a
)
v
)
,
(25)
or, equivalently, for parameters (21) along with αβ = 0:
u =
(
z(z2 − 1)v′ + (γ(z2 − 1)− 2εz)v) /q, (26)
where
v = C1(1 − z)εz−γ·2F1
(
ε
2
, 1 +
ε− γ
2
; 1− γ
2
; z2
)
+
C2(1− z)ε·2F1
(
1 +
ε
2
,
ε+ γ
2
; 1 +
γ
2
; z2
)
. (27)
It is seen that solution () presents a combination of
four hypergeometric functions (a pair of functions for
each of the involved fundamental solutions) with quasi-
polynomial pre-factors.
It is interesting to compare the derived solution
with the known result for a = −1, δ = ε and q = 0
(instead of αβ = 0,) which is also written in terms of
the Gauss hypergeometric functions of the argument z2
[17]-[18]:
H(−1, 0;α, β, γ, δ = ε; z) =
C1z
1−γ ·2 F1
(
ε− α
2
, ε− β
2
;
3− γ
2
; z2
)
+C2 ·2 F1
(
α
2
,
β
2
;
1 + γ
2
; z2
)
. (28)
Thus, we have presented a series solution of the
general Heun equation in terms of the incomplete Beta
functions. The expansion applies if a characteristic expo-
nent of the singularity at infinity is zero. We have shown
that closed-form solutions can be derived for two infinite
sets of the involved parameters. These finite-sum solu-
tions are written in terms of elementary functions that in
general are quasi-polynomials. The coefficients of the ex-
pansion in general obey a three-term recurrence relation.
We have mentioned a particular case when the recurrence
relation is reduced to a two-term one involving two non-
successive terms. The coefficients of the expansion are
then calculated explicitly and the general solution of the
Heun equation is written in quadratures or as a combi-
nation of hypergeometric functions.
A concluding remark concerning the constructed
expansion is that it can be significantly extended, if com-
bined with the Darboux transformation [20] of the Heun
equation or if the properties of the derivatives of the Heun
functions are applied [12], [21]-[24], to construct expan-
sions in terms of higher transcendental functions, e.g., the
Goursat [23] and Appell [24] generalized hypergeometric
functions. Using the relationship between the Heun class
of second-order linear equations and the Painleve´ second-
order nonlinear equations [25], these expansions can also
be adopted to discuss several nonlinear problems.
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